To Gérard Laumon, on his 60th birthday.
Introduction 0.1. Let G be a simple adjoint algebraic group defined and split over the finite field F q . Let K 0 = F q ((ǫ)), K =F q ((ǫ)). We are interested in the characters of the standard representations (in the sense of Langlands) of G(K 0 ) corresponding to the (irreducible) unipotent representations ([L6] ) of G(K 0 ), restricted to the set G(K 0 ) rsc = G(K) rsc ∩ G(K 0 ) where G(K) rsc is the intersection of the set G(K) rs of regular semisimple elements in G(K) with the set G(K) c of compact elements in G(K) (that is, elements which normalize some Iwahori subgroup of G(K)); we call these restrictions the unipotent characters of G(K 0 ). We hope that the unipotent characters (or some small linear combination of them) have a geometric meaning in the same way as the characters of (irreducible) unipotent representations of G(F q ) can be expressed in terms of character sheaves on G. Thus we are seeking some geometric objects on G(K) c on which the Frobenius map acts and from which the unipotent characters can be recovered.
In this paper we define a collection of class functions on G(K 0 ) rsc which we call unipotent almost characters. (These class functions can conceivably take the value ∞ at some points but we conjecture that the set of such points is empty; in the rest of this introduction we assume that this conjecture holds.) We expect that the unipotent almost characters are in the same relation with the unipotent characters as the objects with the same names associated to G(F q ). In particular we expect that the unipotent characters generate same subspace of the vector space of class functions on V 0 as the unipotent almost characters. (A refinement of this is stated as a conjecture in 3.11(a).) Moreover we expect that each unipotent almost character can be expressed as a linear combination of a small number of unipotent characters, just like for G(F q ).
Our definition of unipotent almost characters is similar to one of the two definitions of the analogous functions for G(F q ) (which was in terms of character sheaves on G(F q )). They are associated to some new geometric objects on G(K) c which Supported in part by National Science Foundation grant DMS-0758262.
Typeset by A M S-T E X 1 can be thought of as character sheaves on G(K) c (or rather, cohomology sheaves of character sheaves) and are defined even when k is replaced by any algebraically closed field such as C (in which case G(K) becomes G(C((ǫ)).)
The definition of these new geometric objects combines three ingredients: (i) A generalization of the construction [L8] of an affine Weyl group action on the homology of the variety of Iwahori subgroups (see [KL] ) of G(K) containing a given element of G(K) c .
(ii) A construction of co-standard representations of an affine Weyl group in the framework of the generalized Springer correspondence [L3] .
(iii) A matching of the affine Weyl groups appearing in (i) and (ii). Now (i) (which is discussed in §3) is based on some preliminaries on unipotent character sheaves on disconnected groups given in §1. It uses geometry (such as perverse sheaves) arising from G(K). On the other hand, (ii) (which is discussed in §2) is a variant of the geometric construction of representations of graded affine Hecke algebras given in [L4] .
It should be pointed out that the notion of co-standard module which appears in (ii) is not intrinsic to the affine Weyl group, but it is associated to an affine Weyl group viewed as the limit as q → 1 of an affine Hecke algebras with possibly unequal parameters q m i . While the irreducible representations of the affine Weyl group in (ii) have an elementary definition (in terms of representations of finite Weyl groups), our definition of the co-standard representations is in terms of geometry (such as perverse sheaves) arising from the group of type dual to that of G.
Since the affine Weyl groups in (i) and (ii) appear in totally different worlds (one from G, the other from the dual group of G) the fact that they match is a miracle (which has already been exploited in [L6] ).
After these new geometric objects are defined, the unipotent almost characters are defined in terms of them by taking traces of the Frobenius map.
In §4 we give some supporting evidence, based mostly on [KmL2] , for the conjectures in this paper.
We expect that a similar picture exists with unipotent representations replaced by representations of depth zero. In §5 we discuss a possible generalization to p-adic groups in unequal characteristic. 0.2. Notation. If Γ is a group then Z Γ is the centre of Γ. If H is a subgroup of Γ, then N Γ H is the normalizer of H in Γ. If g ∈ Γ then Z Γ (g) is the centralizer of g in Γ. We denote by IrrΓ a set of representatives for the isomorphism classes of irreducible finite dimensional representations of Γ (over C). We fix an algebraically closed field k and a prime number l invertible in k. LetQ l be an algebraic closure of the field of l-adic numbers. For an algebraic variety X over k let D(X) be the bounded derived category of constructibleQ l sheaves on X. By "local system" on X we usually mean aQ l -local system. (An exception is in §2 where varieties and local systems are over C.) If E is a local system on X and i ∈ N we set H −i (X, E) = (H group over k, let H 0 be the identity component of H. If H acts on X let D H (X) be the corresponding equivariant derived category.
For a finite set S let |S| be the cardinal of S. In §3 we assume thatQ l , C are identified as fields.
1. Preliminaries on character sheaves on disconnected groups 1.1. Let G be an affine algebraic group over k such that G 0 is reductive. For any subgroup H of G we write N H instead of N G H. The set of subgroups of G 0 containing a fixed Borel subgroup of G 0 is of the form {B J ; J ⊂ I} (I is a finite indexing set) where for J ⊂ I, J ′ ⊂ I we have B J ⊂ B J ′ if and only if J ⊂ J ′ . In particular B ∅ is a Borel subgroup. Let W be a (finite) indexing set for the set of (B ∅ , B ∅ ) double cosets in G. For w ∈ W let O w be the corresponding double coset.
There is a unique group structure on W such that the following holds: if w, w
′ is the subgroup of W generated by {s i ; i ∈ I}; it is a Coxeter group on these generators. Also Ξ is a subgroup of W such that
is an action of Ξ on I. For J ⊂ I, let W J be the subgroup of W ′ generated by {s i ; i ∈ J} and let Ξ J = Ξ ∩ N W W J ; let w J 0 be the longest element of the finite Coxeter group W J . For J ⊂ I letJ = I − J and letJ W (resp.J W ′ ) be the set of all w ∈ N W W J (resp. w ∈ N W ′ W J ) such that w has minimal length in its W J -coset; this is a subgroup of N W W J (resp. N W ′ W J ).
For ξ ∈ Ξ we set
. Now N B J is a connected reductive group over k whose connected components are ξ N B J for various ξ ∈ Ξ J ; the identity component is
1.3. We consider a triple (J, ω, A) where J ⊂ I, ω ∈ Ξ J and A is a unipotent cuspidal character sheaf (see [L9, X,44.4] ) on the connected component ω N B J of N B J . By [L9, VI, 30.2] there is a well defined subvariety S ⊂ ω N B J and a local system S on S such that for some integer n ≥ 1 invertible in k, the following hold:
S is a single orbit of
S is ireducible and equivariant for this action; A| S = S[dim S], A| ω NB J −S = 0. (We have used that A is clean (see [L9, X] , [L10] and its references). Let cl(S) be the closure of S in ω N B J .
LetJ W ′ be the fixed point set of the automorphism ofJ W ′ induced by Ad(ω) :
From the classification of unipotent cuspidal character sheaves [L9, X] we see that if y ∈ N G 0 L represents an element of Γ then Ad(y) preserves S and S. Let
LetȲ be the set of all g ∈ ω G such that for some x ∈ G 0 we have
Let ψ : X − →Ȳ be the first projection. We define a local systemS on X byS (g,xB J ) = S p J (x −1 gx) ; this is well defined by the B Jequivariance of S. Using [L9, I,5.7] , [L9, II, 7.10(a) ] we see that the vector space E := End(ψ !S ) has a canonical direct sum decomposition into lines E w indexed by the elements w ∈ Γ hence by the elements w ∈J W ′ . Moreover in the algebra structure of E we have
In particular all nonzero elements in E w are units in E.
1.4. Let c be the two-sided cell of W J associated in [L9, X,44.18 ] to the unipotent character sheaf A on ω N B J . Let c ′ be the two-sided cell of W ′ that contains c. Consider the bijection j in [L9, X,44.21(h) ] from the set of unipotent character sheaves on ω N B J with associated two-sided cell c to the set of unipotent character sheaves of ω G with associated two-sided cell c ′ . (The assumptions of loc.cit. are satisfied by the classification of unipotent character sheaves.) From the definition we see that j(A) appears with multiplicity 1 in the semisimple perverse sheaf ψ !S [dim X] onȲ . Now E acts naturally on the one-dimensional vector space V := Hom(j(A), ψ !S [dim X]). For w ∈J W ′ , since the nonzero elements of E w are units in E, we see that precisely one element b w ∈ E w acts on V as identity. Clearly we have b w b w ′ = b ww ′ for w, w ′ ∈J W ′ . Hence the basis (b w ) of E identifies the algebra E with the group algebraQ l [J W ′ ]. Thus we have
2. Co-standard representations of certain (extended) affine Weyl groups t with its image, the subspace { i∈ [0,n] 
Here, for a complex number c = a + b √ −1 with a, b real, we write c > 0 whenever a > 0 or a = 0, b > 0. The sets C S are disjoint. For any J [0, n] let W J be the subgroup of W generated by {s i ; i ∈ J} (a finite Coxeter group whose longest element is denoted by w J 0 ). LetJ W be the set of all w ∈ N W W J such that w has minimal length in its W J -coset; this is a subgroup of N W W J .
For any J [0, n] let R J (resp. R + J ) be the set of α ∈ R which are Z-linear (resp. N-linear) combinations of {a i ; i ∈ J} and let G J be the subgroup of G generated by T and by the root subgroups of G corresponding to the roots in R J ; note that G J is a connected reductive subgroup of G with maximal torus T and root system R J . Let z J be the Lie algebra of the centre of G J . Let V J be the subspace of V spanned by {b i ; i ∈ J}. Let V , an affine hypersurface in z J .
2.2. Let Z G be the set of all pairs (c, F) where c is a conjugacy class in G and F is an irreducible G-equivariant local system on c (up to isomorphism). We have a partition
where Z G,χ is the set of all (c, F) ∈ Z G such that the character by which Z G acts on any stalk of F in the G-equivariant structure of F is χ.
2.3.
We fix a triple (J, C, E) where J [0, n], C is a unipotent conjugacy class of G J and E is an irreducible cuspidal G J -equivariant local system on C. From the classification of cuspidal local systems [L3] we see that J has the following property:
(a) if |J| ≥ 2 then for any k ∈J we have s k := w On the other hand, if |J| = 1 we haveJ W = {1}.
2.4.
We preserve the setup of 2.3. Assume that |J| ≥ 2. Then each generator s k ofJ W leaves stable the subspace V J of V hence also its annihilator V where it acts through a finite quotient WJ ⊂ GL(z J ). Let L ′ be the set of all x ∈ z J such that the translation z → z +x of z 1 J coincides with the automorphism x → w(x) of z
Hence we can form the semidirect product
For any t ∈ T we denote by WJ ,t the stabilizer of t in WJ (for the action on T ) and we form the semidirect productWJ ,t = L · WJ ,t (with L normal); this is a subgroup of finite index ofWJ .
is a bijection between D J := ∪ S⊂J;S =∅ C S and a set of representatives for the WJ -orbits in T . (In the case where J = ∅ we take k ∅ = 0.) By Mackey's theorem, IrrWJ is in natural bijection with the set of pairs (t, ρ) where t runs over a set of representatives for the WJ -orbits on Hom(L, C * ) = T and ρ ∈ IrrW J,t . Using (a) this can be viewed as a bijection
From [L6, 3.8,3 .9] we deduce:
Using this action we can form the semidirect productWJ ,Š−J = L · (J W )Š −J (with L normal); this is a subgroup of finite index ofWJ (using the inclusion (J W )Š −J ⊂ WJ coming from (c)).
Hence (b) can be viewed as a bijection
whereρ is the irreducible representation ofWJ ,Š−J which equals ρ on (J W )Š −J and on which L acts as identity; [p J (d)] is the one dimensional representation of
) and on which (J W )Š −J acts trivially.
2.5. We preserve the setup of 2.3. Assume that |J| = 1. In this case we set WJ = {1} and (J W ) ∅ = {1}. Then a bijection as in 2.4(d) continues to hold (both sides have exactly one element; the only S in the union is S =J and the corresponding C S has exactly one element.)
2.6. Putting together the bijections 2.4(e) (see also 2.5) for various (J, C, E) as in 2.3 (with E defined up to isomorphism) we obtain identifications
We can identify (J W )Š −J in an obvious way with the groupŠ −J (WŠ) of all w ∈ N WŠ (WŠ −J ) which have minimal length in their WŠ −J -coset.
By the generalized Springer correspondence [L3, §6, §9] applied to the connected reductive group GŠ we have for any S ⊂ [0, n], S = ∅ an identification of
with the set AŠ consisting of all pairs (c, F ) where c is a unipotent class of GŠ and F is an irreducible GŠ-equivariant local system on c (up to isomorphism). We shall denote by AŠ ,J,C,E the subset of AŠ corresponding to a fixed (J, C, E) under the previous identification. Introducing this into (a) we obtain an identification
Applying 2.4(a) with J = ∅ (so that T = T ) we see that p ∅ : t 1 − → T defines a bijection between ∪ S⊂[0,n];S =∅ C S and a set of representatives for the Weyl group orbits in T . Note also that if
Hence associating to S, d as in (b) and to (c, F ) ∈ AŠ the pair (c, F ′ ) where c is the conjugacy class in G containing p ∅ (d)c and F ′ is the irreducible G-equivariant local system on c whose restriction to p ∅ (d)c ∼ = c is F , gives a bijection between the right hand side of (b) and Z G (see 2.2). Now (b) becomes a bijection
2.7. Let (J, C, E) be as in 2.3. Let E ∈ IrrWJ . We write E = E c,F where (c, F) ∈ Z G corresponds to E under 2.6(c). We also write E = E S,d,c,F where S ⊂J, S = ∅, d ∈ C S and (c, F ) ∈ AŠ ,J,C,E (see 2.4) are such that E corresponds to S, d, c, F under 2.6(b).
We write E in the form E = IndWJ
is an irreducible representation of (J W )Š −J =Š −J (WŠ) andρ is the irreducible representation ofWJ ,Š−J which equals ρ on (J W )Š −J and on which L acts as identity.
Our next objective is to define aWJ ,Š−J -moduleρ (of finite dimension) which containsρ as aWJ ,Š−J -submodule.
Let P be the parabolic subgroup of GŠ which has G J as a Levi subgroup and contains the root subgroups corresponding to roots in R + S ; let U P be the unipotent radical of P . Let g ∈ c, let A = Z GŠ (g)/Z 0 GŠ (g) and let τ be the irreducible representation of A corresponding to the local system F on c. Let
LetẼ be the local system on X such thatẼ xP is the stalk of E at the C-component of x −1 gx ∈ CU P . By [L3, §9] for any i ≥ 0 there is a natural degree preserving action ofŠ 
times a unipotent group; P, G J act by conjugation.) Now we have an obvious algebra homomorphism H 
the action of (J W )Š −J on S coming from its natural action on z † J , restriction of theJ W -action); this follows by specialization from [L4, 8.13 ]. In the S-module structure on H
for any i ≥ 0. LetŜ be the completion of S at the maximal ideal
extends to anŜ-module structure which combines with the (J W )Š −J -module structure on H
to give a module structure on H
as aQ l -algebra in the same way as
can be regarded as a subgroup of the group of units of the
(for x ∈ L, w ∈ (J )WŠ −J we view x as an element of z † J ⊂ S and we associate to
commutes with theWJ ,Š−J -module structure henceρ inherits aWJ ,Š−J -module structure from that on H
is aWJ ,Š−J -submodule ofρ. Note thatρ ≥e =ρ as aWJ ,Š−J -module. Moreover for any a < e, theWJ ,Š−J -moduleρ ≥a /ρ ≥a−1 is a direct sum ofWJ ,Š−J -modules on which L acts trivially and (J W )Š −J acts by an irreducible representation which corresponds under the generalized Springer correspondence to a pair (c
is the closure of c ′ . We now set
For any a ∈ Z we setÊ
Note thatÊ is aWJ -module of finite dimension and that . . . ⊂Ê ≥a ⊂Ê ≥a−1 ⊂ . . . areWJ -submodules ofÊ such thatÊ ≥0 =Ê,Ê ≥e+1 = 0. Moreover,Ê ≥e = E as aWJ -module and for any a < e, theWJ -moduleÊ ≥a /Ê ≥a−1 is a direct sum of irreducible representations ofWJ of the form E
We say thatÊ =Ê c,F is the co-standardWJ -module associated to E = E c,F with (c, F) ∈ Z G .
The main construction
3.1. Let K = k((ǫ)) where ǫ is an indeterminate. Let G be a simple adjoint algebraic group over k. Let G = G(K). Then the parahoric subgroups of G are well defined. For any subgroup H of G we write N H instead of N G H. The set of parahoric subgroups of G containing a fixed Iwahori subgroup of G is of the form {P J ; J I} (I is a finite indexing set) where for J I, J ′ I we have P J ⊂ P J ′ if and only if J ⊂ J ′ . In particular P ∅ is an Iwahori subgroup. Let W be an indexing set for the set of (P ∅ , P ∅ ) double cosets in G. For w ∈ W let O w be the corresponding double coset. Let Ω = {w ∈ W; O w ⊂ N P ∅ }.
If i ∈ I then P {i} − P ∅ = O w for a well defined w ∈ W; we set w = s i . We regard W as a group as in [L6, 1.10] ; let W ′ be the subgroup of W generated by
. Also W ′ together with {s i ; i ∈ I} is a Coxeter group (an irreducible affine Weyl group). If ξ ∈ Ω and i ∈ I then ξs i ξ −1 = s ξ(i) for a unique ξ(i) ∈ I; moreover ξ : i → ξ(i) is an action of Ω on I. For J ⊂ I, let W J be the subgroup of W ′ generated by {s i ; i ∈ J} and let Ω J = Ω ∩ N W W J . For J I let w J 0 be the longest element of the finite Coxeter group W J .
For J I letJ = I − J and letJW be the set of all w ∈ N W W J such that w has minimal length in its W J -coset; this is a subgroup of
Let G c be the set of elements of G which normalize some Iwahori subgroup. Let G rsc be the set of regular semisimple elements in G c . For ξ ∈ Ω we set
1 G-cosets and each ξ G is stable under G-conjugacy.
For J I, P J is a parahoric subgroup of G and N P J = ⊔ ξ∈Ω J ξ N P J where for ξ ∈ Ω J , ξ N P J := N P J ∩ ξ G is a single P J -coset. Now P J has a prounipotent radical U J (a normal subgroup of N P J ). Let N P J = N P J /U J , P J = P J /U J and let p J : N P J − → N P J be the obvious homomorphism. For any ξ ∈ Ω J we set ξ N P J = p J ( ξ N P J ). Now N P J is naturally a reductive group over k whose connected components are ξ N P J for various ξ ∈ Ω J ; the identity component is
where g is any element of ξ N P J .
Let B be the set of Iwahori subgroups of G. For any ξ ∈ Ω let ξ X = {(g, B) ∈ ξ G c ×B; gBg −1 = B}. We show that on ξ X there is a notion of l-adic constructible sheaf. For simplicity we assume that ξ = 1. We have
For any B ∈ B let B = B 0 ⊃ B 1 ⊃ B 2 ⊃ . . . be the Moy-Prasad filtration of B; note that each B n is a normal subgroup of B, B/B n is an algebraic group over k and B = lim ← B/B n . For any n ≥ 1 let X n = {(g, B) ∈ X ; g ∈ B − B n }. we obtain algebraic varieties over k of which X m,n is the inductive limit. Hence on each X m,n we have a well defined notion of l-adic constructible sheaf. By definition, an l-adic constructible sheaf on X n is the inverse image of an l-adic constructible sheaf on X m,n under π m,n for some m such that m ≥ n. Now an l-adic constructible sheaf on X is a collection of l-adic constructible sheaves F n on X n for various n ≥ 1 such that for any n ≤ n ′ the restriction of F n ′ to X n is F n . (Note that X 1 ⊂ X 2 ⊂ . . . and X = ∪ n≥1 X n .) 3.2. Let V be the set of all triples (J, ω, A) where J runs over a set of representatives for the Ω-orbits of proper subsets of I, ω ∈ Ω J and A is a unipotent cuspidal character sheaf (defined up to isomorphism) on the connected component ω N P J of N P J .
We now fix (J, ω, A) ∈ V. By [L9, VI, 30.2] there is a well defined subvariety S ⊂ ω N P J and a local system S on S such that for some integer n ≥ 1 invertible in k, the following hold:
S is a single orbit of ( ω Z P J ) 0 × P J acting on ω N P J by (z, x) : g → xz n gx −1 ; S is ireducible and equivariant for this action;
; ωwω −1 = w}. Now N P J acts by conjugation on ω N P J . This action preserves S; moreover S admits a N P J -equivariant structure. (This can be seen from the classification of triples (J, ω, A) as above which is the same as that of the "arithmetic diagrams" in [L6, §7] .) We assume that such an equivariant structure has been chosen. For any ξ ∈ Ω J and any σ ∈ S the vector spaces {S zσz −1 ; z ∈ ξ N P J } are canonically isomorphic to each other (by the P J -equivariance of S) hence they can be identified with a single vector space denoted by S ξ σ ; the vector spaces S ξ σ for various σ ∈ S form the stalks of a local system S ξ on S. The N P J -equivariant structure on S provides an isomorphism of local systems S ∼ − → S ξ on S.
3.3.
We preserve the setup of 3.2. Let g ∈ ω G c . Let
We can find (and we fix) an increasing sequence G 1 ⊂ G 2 ⊂ . . . of subsets of G (depending on J ′ ) such that ∪ e≥1 G e = G, G e P J ′ = G e and G e /P J ′ is a projective variety in G/P J ′ for each e ≥ 1. Let e ≥ 1. We have a commutative diagram of algebraic varieties with cartesian squares
Y is the set of all zU J ′ ∈ N P J ′ /U J ′ such that for some xP J ∈ P J ′ /P J , we have
is the set of all pairs (xP J , y(xU
j,j are the obvious imbeddings; q,q are the obvious projections;
All the maps in the diagram are compatible with the natural actions of P J ′ where the action of P J ′ on the four spaces on the left is trivial. Moreover,ũ and u are principal P J ′ -bundles. Let
We define a local systemŜ on X g,e by requiring thatŜ xP J = S p J (x −1 gx) . We define a local systemS on X by requiring thatS (xP J ,zU J ′ ) = S p J (x −1 zx) . We define a local systemṠ onM J ′ ,e by requiring thatṠ (xP J ,y(xU J ′ x −1 )) = S p J (x −1 yx) . Note thatŜ,S,Ṡ are well defined by the P J -equivariance of S.
We have an isomorphism X g,e ∼ − →M J ′ ,g,e given by xP J → (xP J , g(xU J ′ x −1 )), under which these two varieties are identified; then the local systemj * Ṡ onM J ′ ,g,e becomesŜ. We haveq
induce algebra homomorphisms
of which the second one is an isomorphism since u is a principal P J ′ -bundle. Taking the composition of the first homomorphism with the inverse of the second one and with the third one and identifying End
′′ !j * Ṡ ) is naturally a module over the algebra End D(M J ′ ,g,e ) (f !j * Ṡ ) hence, via (a), a module over the algebra End D(Ȳ ) (p !S ). By 1.4(a), this last algebra may be canonically identified with the group algebraQ l [ J ′ −J (W J ′ )-module structure. Moreover, if g ∈ G rsc , this vector space is 0 for i large enough (depending on g) since (b) dim X g,e is bounded as e → ∞; a result closely related to (b) appears in [KL] , at least when J = ∅, but the general case can be reduced to the case where J = ∅.
We have a partition X g = ⊔ ξ∈Ω ξ X g where
Then for i ≥ 0,
is defined in the same way as H −i (X g ,Ŝ) and we have canonically
.
3.4.
We preserve the setup of 3.2. From the classification of unipotent cuspidal character sheaves we see that J has the following property: (a) for any ω-orbit K (for the Ω-action on I) such that K J , we have
.15] we see that the following holds.
(b) IfJ is a single ω-orbit thenJW ′ = {1}. (c) IfJ contains at least two ω-orbits thenJW ′ is a Coxeter group (an irreducible affine Weyl group) on generators s K (one for each ω-orbit K inJ).
Let g ∈ ω G c and let i ≥ 0. We show: (d) There is a uniqueJW ′ -module structure on H −i (X g ,Ŝ) (see 3.3) such that for any ω-orbit K inJ with K =J, s K acts as in the K (W J∪K )-module structure 3.3 on H −i (X g ,Ŝ). IfJ is a single ω-orbit, there is nothing to prove. Hence we can assume thať J contains at least two ω-orbits. It is enough to show that if K = K ′ are distinct ω-orbits inJ and s K s K ′ has finite order m inJW ′ then the operators s K , s K ′ ∈ Aut(H −i (X g ,Ŝ)) defined by the K (W J∪K )-module structure and by the
is defined as in 3.3. From the definitions we see that this module structure restricts to the K (W J∪K )-module structure and to the
3.5. We preserve the setup of 3.4. Let ξ ∈ Ω J . We define τ ξ : X g − → X g by xP J → xh −1 P J where h ∈ O ξ ; this is well defined and independent of the choice of h. The inverse image of the local systemŜ on X g is the local systemŜ ξ defined in terms of S ξ (see 3.2) in the same way asŜ is defined in terms of S. Using the isomorphism S − → S ξ in 3.2, we can identifyŜ ξ andŜ. We see that τ ξ induces for any i ≥ 0 an isomorphism τ ξ, * :
. The operators τ ξ, * for various ξ ∈ Ω J define a Ω J -module structure on H −i (X g ,Ŝ). Combining this with theJW ′ -module structure on H −i (X g ,Ŝ) (see 3.4) we obtain aJW-module
From the definitions we see that for any ξ ∈ Ω,
3.6. We preserve the setup of 3.5. We now state: (a) Conjecture. For any g ∈ ω G c and any i ≥ 0, theJW-module H −i (X g ,Ŝ) is finitely generated. If in addition, g ∈ ω G rsc and g is elliptic then X g is an ordinary algebraic variety (in the case where J = ∅ this follows from [KL, Cor.3 .2]) hence dim H −i (X g ,Ŝ) < ∞ and (a) holds. More generally, for any g ∈ ω G rsc let Λ g be the subgroup of G consisting of all x(ǫ) where x runs over the one parameter subgroups K * − → G with image contained in the centralizer of g. Now Λ g acts on X g by left multiplication and one can show that
is finitely generated as aQ l [Λ g ]-module. (In the case where J = ∅ this follows from [KL, Prop.3 
.1(d)].)
After a first version of this paper was posted, Zhiwei Yun pointed out to me that from [Y] one can deduce that (a) is a consequence of (b), at least if J = ∅, g ∈ ω G rsc is topologically unipotent and the characteristic of K is large enough.
3.7.
We preserve the setup of 3.5. Let Ω J,1 (resp. Ω J,2 ) be the kernel (resp. image) of the homomorphism f :
. We can form the semidirect product Ω J,2 ·JW ′ using the action of Ω J,2 onJW ′ defined by f . From the classification of arithmetic diagrams in [L6, §7] we see that we have
). (Case (iii) occurs only in the case 7.44 and 7.45 in [L6, §7] with G of type D n , n even, n > 4. In this case Ω J,1 = {1, ω}.) We define an isomorphism Ω J,1 ×Ω J,2 ∼ − → Ω J as follows. In case (i) or (ii) this is the obvious isomorphism. In case (iii) the isomorphism restricted to Ω J,1 is the obvious imbedding, while the image of the nontrivial element of Ω J,2 is the unique element γ ∈ Ω J such that the permutation i → γ(i) of I has at least two fixed points. Using this isomorphism, the group J W = Ω J ·JW ′ becomes the direct product of groups Ω J,1 × (Ω J,2 ·JW ′ ). Hence
. Now the group algebraQ l [Ω J,1 ] is canonically isomorphic to the direct sum of copies of the algebrā Q l (indexed by the characters Ω J,1 − →Q * l ). Hence (a) the algebraQ l [JW] is canonically isomorphic to the direct sum of copies of the algebraQ l [Ω J,2 ·JW ′ ] (indexed by the characters Ω J,1 − →Q * l ). 3.8. Let G be a connected simply connected almost simple group over C of type dual to that of G. We have a natural bijection
For any ω ∈ Ω we set Z ω = Z G,ι(ω) , see 2.2. Let ζ = (c, F) ∈ Z G . Now ζ corresponds under 2.6(c) to a quadruple (J, C, E, E) with E = E ζ ∈ IrrWJ (notation of 2.7). By [L6, 6.3] , [L6, §7] to the triple (J, C, E) corresponds a triple (J, ω, A) ∈ V so that ω satisfies ζ ∈ Z ω and Ω J,2 ·JW ′ is identified with the groupWJ . Thus E ζ andÊ ζ (see 2.7) become representations of one specific copy ofQ l [Ω J,2 ·JW ′ ] in the direct sum of algebras in 3.7(a); hence they can be viewed as representations ofQ l [JW] on which the other copies of
in the direct sum in 3.7(a) act as zero. These representations of
are denoted by E ζ andÊ ζ . We now define for any g ∈ ω G c and any
as aJW-module as in 3.5). Note that for any fixed g ∈ ω G rsc , for any ζ ∈ Z G . Thus the collection of vector spaces A ζ;i g (with g ∈ ω G c ) has a natural G-equivariant structure.
We conjecture: (e) for fixed ζ and i, there exists an l-adic constructible sheaf F on ω X (see 3.1) such that the stalk of F at (g, B) ∈ ω X is the vector space A ζ;i g . This conjecture implies the inequality (f) dim A ζ;i g < ∞ for any g ∈ ω G c . This would also follow from Conjecture 3.6(a).
3.9. Until the end of 3.12 we assume that k is an algebraic closure of the finite field F q . Let K 0 = F q ((ǫ)), a subfield of K. Let F : G − → G be the bijective homomorphism induced by the map x → x q of k into itself so that the fixed point set G F is equal to G(K 0 ) for a split K 0 -form of our group. Let ω ∈ Ω and let ζ = (c, F) ∈ Z ω . Our next objective is to associate to ζ a function t ζ :
) Define (J, ω, A) ∈ V in terms of ζ as in 3.8. Define S, S in terms of A as in 3.2. We have F (P J ) = P J and F induces a morphism of algebraic groups N P J − → N P J denoted again by F ; this is the Frobenius map for an F q -rational structure on N P J such that every connected component of N P J is defined over F q . We have necessarily F (S) = S and there exists an isomorphism ψ : F * S ∼ − → S of local systems over S. We shall assume (as we may) that for any σ ∈ S and any m ≥ 1 such that F m (σ) = σ, the eigenvalues of F m on S σ are roots of 1; moreover if J = ∅ so that S =Q l we shall take ψ = 1.
For any g ∈ ω G c let X g be as in 3.3. We have F (g) ∈ ω G c and we define φ :
′ be the local system on X F (g) defined in the same way asŜ on X g , see 3.3. Then ψ induces an isomorphismŜ ∼ − → φ * Ŝ′ . Hence for any i ≥ 0 there is an induced isomorphism
From the definitions we see that this isomorphism is compatible with theJWmodule structures. Now (a) induces for any g ∈ ω G c and any i ≥ 0 an isomorphism
) is well defined (assuming that 3.8(f) holds); we denote it by t ζ;i (g).
Assuming
rsc with values inQ l , except that at points g where 3.8(f) fails for some i we set t ζ (g) = ∞. The function t ζ : ω G F rsc − →Q l ∪ {∞} is constant on each G F -conjugacy class in ω G F rsc (this follows from the compatibility ofψ above with the G-equivariant structure on A ζ;i ). In the remainder of this section we assume that 3.8(f) holds so that t ζ : ω G F rsc − →Q l . We shall also regard t ζ as a function
∈ Ω variable) are said to be the unipotent almost characters of G F . They are defined up to multiplication by a root of 1. Let V ′′ be the subspace of the vector space of class functions G F rsc − →Q l generated by the unipotent almost characters of G F .
3.10. Let U be the set of isomorphism classes of unipotent representations of G F (see [L6, 0.3] ). Recall that [L6, 6.5] gives a bijection
with Z 1 as in 3.8. Now for ζ ∈ Z 1 the irreducible G F -module R ζ corresponding to ζ under (a) is canonically the quotient of a G F -moduleR ζ which is standard in the sense of Langlands and which has finite length with all composition factors being again unipotent representations. HenceR ζ has a well defined character (in the sense of Harish-Chandra) whose restriction to G F rsc is denoted by φ ζ . We call the class functions φ ζ :
′ be the subspace of the vector space of class functions G F rsc − →Q l generated by the unipotent characters.
(a) Conjecture. We have V ′ = V ′′ .
3.11. We now formulate a refinement of conjecture 3.10(a). We fix ω ∈ Ω and let c be a unipotent class of G. Let c Z ω be the set of all (c, F) ∈ Z ω such that the unipotent part of any element of c lies in c.
Let V ′ is well defined (it is in bijection with Z ξ for some ξ ∈ Ω which depends on F ′ , see [L6] ). The unipotent almost characters on G F ′ are again defined by taking trace of F ′ instead of F on the same geometric objects which were used for G F . We expect that the analogues of 3.10(a) and 3.11(a) continue to hold.
Examples

In this section we preserve the notation of
4.2. Let G cvr be the set of compact very regular elements in G (see [KmL2] ). We have G cvr ⊂ 1 G rsc . Let g ∈ G cvr . We show that 3.6(a) holds for this g. If (J, ω, A) ∈ V is such that J = ∅, ω = 1 then X g = ∅. Now assume that (a) (J, ω, A) ∈ V is such that J = ∅, ω = 1 (hence A isQ l up to a shift).
is a vector space with basis β and the module structure overJW = W is such that W permutes β simply transitively. In particular, 3.6(a) holds for this g. Now let ζ ∈ Z 1 be such that the corresponding triple (J, ω, A) (see 3.8) is as in (a). Using (b) we see that if g ∈ G cvr then A From this we see that if we are in the setup of 3.9 and g is in addition fixed by F (so that g corresponds as in [KmL2] to an element of finite order w ∈ W ′ defined up to conjugacy) then (c) t ζ (g) = tr(w,Ê ζ ).
4.3. Now assume that G = P GL 2 and (a) g ∈ G is represented by 4.4. Now assume that G = P GL 2 and (b) g ∈ G is represented by
Let ζ ∈ Z 1 . Then the corresponding triple (J, ω, A) (see 3.8) is as in 4.2(a). In this case H 0 ( 1 X g ,Q l ) is one-dimensional and has trivial action of
) has basis {b n ; n ∈ Z} and the simple reflection s 1 , s 2 of W ′ acts as follows.
We see
In particular, 3.6(a) holds for our g.
It follows that A
is isomorphic to the space of W ′ -invariant elements inÊ ζ and A ζ;2 g is isomorphic to the space of sequences (x n ) n∈Z with x n ∈Ê ζ satisfying s i x n = −x n if n = i mod 2, s i x n = x n + x n−1 + x n+1 if n = i + 1 mod 2; here s i (i = 1, 2) are the simple reflections of W ′ . We now assume that ζ = ({1}, C). In this caseÊ ζ has a basis {x, x ′ } such that the action of s i is as follows:
Thus the sign representation of W ′ is a submodule and the unit representation of W ′ is a quotient module. We see that A ζ;i g = 0 for all i = 2. Moreover A ζ;2 g ′ can be identified (via (x n ) → (u n ), x n = u n x) with the vector space of sequences (u n ) n∈Z with u n ∈ C satisfying −u n = u n + u n−1 + u n+1 for n ∈ Z. This is a two-dimensional vector space: if u 0 , u 1 are given then the other u n are uniquely determined. Thus dim A ζ;2 g = 2. From these computations we see also that if we are in the setup of 3.9 then t ζ (g) = 2q. Since the value of the Steinberg character of G F at g is 2q − 1 (see [KmL1] ) we see that φ 1 ζ (g) = 2q (note that 2q = (2q − 1) + 1 where the last 1 comes from the unit representation) so that φ 1 ζ (g) = t ζ (g). (We expect that this equality holds for any g ∈ 1 G F rsc .) Note that in the arguments above, our choice of a co-standard module plays a key role; if we replace it by one in which the unit representation of W ′ is a submodule and the sign representation of W ′ is a quotient module, the arguments above would collapse.
4.5.
In this subsection we assume that G = P GL 2 and ω ∈ Ω is not 1; we shall prove that 3.11(a) holds in this case. LetG = GL 2 (K) and let π :G − → G be the obvious homomorphism. We set
2 ⊂G 2 and π(I 1 ) is an Iwahori subgroup of G hence we can assume that P ∅ = π(I 1 ). We have N P ∅ = π(I 1 ∪ I 2 ) and ω N P ∅ = π(I 2 ). Let B be the image under π of the group of upper triangular matrices inG. We show:
(a) If g ∈ ω G normalizes some Iwahori subgroup then g is not contained in any G-conjugate of B; in particular we have g ∈ G rsc . We can assume that g ∈ π(I 2 ) that is g = π(g), whereg = ǫc d ǫa ǫb
Assume that g is contained in a G-conjugate of B; then the eigenvalues λ, λ ′ ofg are contained in K. We have λ+λ
. We have r ∈ I 1 , rg =g ′ r. Thusg = (hr) −1g hr. If we can prove that hr ∈ I 1 it would follow that h ∈ I 1 . Thus we are reduced to the case whereg ′ =g. We write
1 . This proves (b). We now show: (c) Let g ∈ ω G 2 be such that g normalizes some Iwahori subgroup. Then the set {xP ∅ ∈ G/P ∅ ; x −1 gx ∈ ω N P ∅ } consists of two points. An equivalent statement is as follows. Let g ∈G 2 be such that someG-conjugate of g is in I
2 . Then the set {xI 1 ∈G/I 1 ; x −1 gx ∈ I 2 } consists of two points. We can assume that g ∈ I 2 . Then our set contains at least two points, I 1 and I 2 . If x ∈G 1 , x −1 gx ∈ I 2 then by (b) we have x ∈ I 1 so that xI 1 = I 1 . If x ∈G 2 , x −1 gx ∈ I 2 then, choosing s ∈ I 2 , we have (xs) −1 g(xs) ∈ I 2 , xs ∈G 1 hence using again (b) we have xs ∈ I 1 so that xI 1 = I 2 . This proves (c). For g as in (c) the set X g in 3.3 (with J necessarily empty) has exactly two elements. Hence 3.6(a) holds in this case; hence 3.8(f) also holds.
Assume that we are in the setup of 3.9. If ζ = (c, F) ∈ Z 1 is such that c is a semisimple class of G thenR ζ in 3.10 is induced from a character of B ∩ G F ; using (a) we see that φ ω ζ is identically zero on
is the regular unipotent class of G (so that F =Q l ) thenR ζ in 3.10 is the unit representation of
is such that c is −1 times the regular unipotent class of G (so that F =Q l ) then R ζ in 3.10 is the one dimensional representation of G F which is trivial on 1 G F and on which elements in ω G F acts as −1; it follows that φ ω ζ is identically −1 on ω G 4.6. We return to the general case. In this subsection we take ω = 1 and c to be the regular unipotent class in G. We show that 3.11(a) suggests a geometric property of G. Now if ζ ∈ c Z 1 then φ 1 ζ is identically 1; hence V In this case A ζ,i is defined in terms of a triple as in 4.2(a). Hence (a) implies: (b) for any g ∈ 1 G rsc , the space of W-coinvariants in H −i (X g ,Q l ) is 0 if i > 0 and is one dimensional if i = 0. Note that in the setup of 4.4 this follows directly from the results in 4.4.
4.7.
Assume that we are in the setup of 3.9. Let c be a unipotent class in G. Let u ∈ c and let Γ be a maximal reductive subgroup of Z G (u). Let M (Γ) be the set consisting of all pairs (x, σ) where x ∈ Γ is semisimple and is defined up to
0 acts on the stalk F ux through a representation isomorphic to σ. For (x, σ) ∈ M (Γ) 1 we write t x,σ ,R x,σ , φ x,σ instead of t ζ ,R ζ , φ 1 ζ (see 3.9, 3.10, 3.11) where ζ ∈ c Z 1 corresponds as above to (x, σ).
up to a root of 1. In general, we expect that the functions t x,σ , φ x,σ on 1 G F rsc are related by a version of the nonabelian Fourier transform [L1] . To illustrate this we consider the case where G is of type B 2 or G 2 and c is the subregular unipotent class in G. We can identify Γ = C * · < r >, Γ = S 3 if G is of type B 2 , G 2 respectively. Here < r > is a group of order 2 with generator r acting on C * by z → z −1 and S 3 is the symmetric group in three letters. We expect that for any (x, σ) ∈ M (Γ) 1 the identities (c)-(d) hold (up to multiplication by a root of 1) for the functions t x,σ ,
} is the nonabelian Fourier transform matrix [L1] ). Note that in the setup of (d) we have (f) φ −1,1 = φ 1,1 , φ −1,ǫ = φ 1,ǫ , t −1,1 = t 1,1 , t −1,ǫ = t 1,ǫ . Clearly, if (c)-(e) hold, then 3.11(a) holds in our case. Now we can check that (c)-(e) hold after restriction to G F cvr = G cvr ∩ G F , using 4.2(c), the known results about the character of unipotent representations of reductive groups over F q and the results of [KmL2] . (See in particular [KmL2, 5.3] .) This provides additional support for 3.11(a).
Affine flag manifolds in unequal characteristic
5.1. Let k be an algebraic closure of the finite field F q (of characteristic p), let O be the ring of Witt vectors over k and let K be the quotient field of O. Let G be the group of K-rational points of a K-split, simple adjoint algebraic group defined over K. Then the parahoric subgroups of G are defined. We define P J ⊂ G (J I) as in 3.1.
It is likely that the definitions, results and conjectures in §3 extend to the present G. One of the ingredients for such an extension is the definition of a structure of inductive limit of projective varieties over k for G/P ∅ . This is what we will try to achieve in this section, using as a model the construction of the affine Grassmannian given in [L2, §11] . But in the present case it seems to be necessary to enlarge the category of projective varieties over k by declaring that the inverse of a Frobenius map is a morphism; the inductive limit above will be taken in this enlarged category. (The case where G is of type A has been previously considered in [Zh] . I thank X. Zhu for pointing out this reference.)
Let g be the Lie algebra (over K) of G with bracket [, ] and with Killing form (, ). Let N = dim g. We shall assume that p is such that the Killing form of the Lie algebra of a simple adjoint group over k of the same type as G is nondegenerate. For any O-lattice L in g we set L ♯ = {x ∈ g; (x, L 0 ) ⊂ O}; this is again an Olattice in g. We can find an O-lattice 
′ be the set of O-submodules Z of V n such that d(Z) = nN and (Z,
Thus the map in (a) is well defined. Now let Z ∈ E ′ . Let L be the inverse image of Z under the obvious map p −n L 0 − → V n . Note that L is an O-lattice in g and we have clearly (L,
We see that L ∈ E. The two maps E − → E ′ , E ′ − → E defined above are clearly inverse to each other. Thus (a) holds.
Let E ′ 0 be the set of all Z ∈ E ′ such that, setting Z 1 = π −1 n (Z) (an O-submodule of V ′ n ) we have (Z 1 , Z 1 , Z 1 ) n = 0. We show: n . It follows that X n has a natural structure of projective variety over k. Note that X 0 ⊂ X 1 ⊂ X 2 ⊂ . . . and the inclusions are imbeddings of projective varieties (in the enlarged category above). Hence X = ∪ n≥0 X n is naturally an inductive limit of projective varieties over k. 5.2. For each n ∈ N, X n carries a vector bundle whose fibre at L is L/pL viewed as a Lie algebra over k in which there is a well defined notion of Borel subalgebra. We can then form the setX n of pairs (L, b) where L ∈ X n and b is a Borel subalgebra of L/pL. This is a projective variety over k which fibres over X n and each fibre is an (ordinary) flag manifold of some L/pL. We have naturallỹ X 0 ⊂X 1 ⊂X 2 ⊂ . . . and the inclusions are imbeddings of projective varieties (in the enlarged category above). HenceX := ∪ n≥0Xn is naturally an inductive limit of projective varieties over k. Note thatX is the set of pairs (L, b) where L ∈ X and b is a Borel subalgebra of L/pL. Let b 0 be a Borel subalgebra of L 0 /pL 0 . Then gP ∅ → (Ad(g)L 0 , Ad(g)b 0 ) is a bijection G/P ∅ ∼ − →X. We see that G/P ∅ is naturally an inductive limit of projective varieties over k.
